Abstract. In this paper, we introduce a paracyclic version of S-modules. These new objects are called para-S-modules. Paracyclic modules and parachain complexes give rise to para-S-modules much in the same way as cyclic modules and mixed complexes give rise to S-modules. More generally, para-S-modules provide us with a natural framework to get analogues for paracyclic modules and parachain complexes of various constructions and equivalence results for cyclic modules or mixed complexes. The datum of a para-S-module does not provide us with a chain complex, and so notions of homology and quasi-isomorphisms do not make sense. We establish some generalizations for para-S-modules and parachain complexes of the basic perturbation lemma of differential homological algebra. These generalizations provide us with general recipes for converting deformation retracts of Hoschschild chain complexes into deformation retracts of para-S-modules. By using ideas of Kassel this then allows us to get comparison results between the various para-S-modules associated with para-precyclic modules, and between them and Connes' cyclic chain complex. These comparison results lead us to alternative descriptions of Connes' periodicity operator. This has some applications in periodic cyclic homology. We also describe the counterparts of these results in cyclic cohomology. In particular, we obtain an explicit way to convert a periodic pb, Bq-cocycle into a cohomologous periodic cyclic cocycle.
Introduction
The aim of this paper is to lay down the main ground of a paracyclic version of S-modules [8, 32, 34] . We call these objects para-S-modules. In particular, para-S-modules are naturally associated with paracyclic modules and parachain complexes much like S-modules are associated with cyclic modules and mixed complexes.
In order to obtain a general apparatus for establishing equivalence results for para-S-modules, we generalize to this setting the basic perturbation lemma of differential homological algebra [3, 17, 22, 53] . As we shall see in this paper, this allows us to extend to the paracyclic category various of well known constructions and equivalence results in cyclic homology. In particular, at the level of cyclic cohomology this will lead us to an explicit transformation to convert pb, Bq-cocycles into cohomologous periodic cocycles.
In the follow-up paper [51] the generalized perturbation theory of this paper is used extensively to obtain a constructive version of the Eilenberg-Zilber theorem for bi-paracyclic modules (see also [36] ). This allows us to get explicit cup and cap products for parachain complexes associated with paracyclic modules. In particular, these constructions are expected to have applications in Hopf cyclic cohomology.
The main results of this paper and of the follow-up paper [51] are important ingredients in the construction of explicit quasi-isomorphisms that compute the cyclic homology of crossed-product algebras associated with actions of (discrete) groups [48, 49, 50] .
Para-S-Modules. In the terminology of Jones-Kassel [32, 34] an S-module is the datum of a chain complex pC ‚ , dq of modules over some ring k together with a degree´2 chain map S : C ‚ Ñ C ‚´2 . This notion has its roots in the seminal note of Connes [8] . It naturally comes out in bivariant cyclic theory [8, 15, 32, 34, 47] . Incidentally, it encapsulates various approaches to cyclic homology. In particular, we obtain S-modules from the cyclic complex and pb, Bq-bicomplex of Connes [7, 8, 9] , Perturbation lemmas. An important tool in cyclic homology is Connes' long exact sequence, which relates cyclic homology to Hochschild homology [7, 8, 9] . In particular, a map of mixed complexes (and more generally an S-map) is a quasi-isomorphism at the cyclic and periodic levels as soon as it is a quasi-isomorphism at the Hochschild level. As observed by Kassel [34] , in the setting of mixed complexes the basic perturbation lemma [3, 17, 22, 53] often allows us to convert a deformation retract of Hochschild complexes into an S-deformation retract of cyclic complexes. In particular, a number of well known quasi-isomorphisms in cyclic homology can be reformulated as S-deformation retracts of S-modules (see [1, 34] ).
We seek for extending Kassel's approach to parachain complexes and para-(pre)cyclic modules. To this end we generalize the basic perturbation lemma to "para-twin" complexes (Lemma 7.1). By a para-twin complex we just mean a graded k-module together with a pair of k-linear maps of degree´1, which are not assumed to be differentials (see Section 7 for the precise definition).
In this generalized setting the input data include a mere pair of left/right chain homotopy inverses which need not be chain maps or anti-sided inverses, whereas for the basic perturbation lemma the input data actually involve a true deformation retract provided by a pair of chain maps. However, as for the basic perturbation lemma, the chain homotopy equivalences are required to be "special" (see Section for the precise meaning). Unlike with the basic perturbation lemma this assumption is essential (cf. Remark 7.6). Nevertheless, under suitable conditions this requirement can be relaxed (see Lemma 7.7) .
Specializing these generalized perturbation lemmas to parachain complexes provides us with general recipes for converting deformation retracts of Hoschschild chain complexes into S-deformation retracts of para-S-modules (see Lemma 7.9, Lemma 7.13, Lemma 7.14, and Lemma 7.15). In particular, this provides us with a substitute for Connes' long exact sequence in the framework of parachain complexes.
Comparing C 66 and C 6 . For any H-unital precyclic k-module C, we have three cyclic chain complexes: the cyclic complex C λ , the C 6 -complex of its mixed complex, and the total complex C 66 of the CC-bicomplex . The last two chain complexes are quasi-isomorphic, and, when k Ą Q, they are both quasi-isomorphic to the C λ -complex (see [8, 9, 43, 54] ). By using suitable versions of the basic perturbation lemma, Kassel [34] further exhibited a deformation retract of C 66 to C 6 and, when k Ą Q, he also constructed a deformation retract of C 66 to C λ . We seek for extending Kassel' s results to the paracyclic setting by using the generalized perturbation theory of this paper. We start by showing that, when C is an H-unital para-precyclic k-module, the para-S-module C 6 is an S-deformation retract of C 66 (Proposition 8.3). In particular, as pointed out in [34] , the B-operator naturally re-appears from this process. In the precyclic case, we recover the deformation retract of [34] .
Comparing C 66 and C λ . We also compare the para-S-module C 66 to the cyclic complex C λ when k Ą Q. The latter actually makes sense for any para-precyclic module. Given any paraprecyclic k-module C (with k Ą Q), we show that C λ is a deformation retract of C
66
T , where C T is the pre-cyclic k-module obtained by mod-outing C by ranp1´T q (see Proposition 9.5) .
A difference with the approach of [34] lies on the use of the generalized perturbation theory of this paper. This allows us to construct a k-linear map ν We thus obtain a deformation retract C
T to C λ . Incidentally, our approach avoid using the cyclic relation T " 1, which is used in [34] , but is not available in general in the para-precyclic setting.
When C is quasi-precyclic the map ν Comparing C 6 and C λ . When C is a H-unital pre-paracyclic k-module with k Ą Q, we can combine the previous comparison results to compare the para-S-module C 6 to the cyclic complex C λ . More precisely, we obtain a k-linear map ν Periodicity operator. When C is a precyclic k-module with k Ą Q, Kassel [34] used the deformation retract of C 66 to C λ to get an alternative description of periodicity operator of Connes [7, 9] in cyclic homology. We seek for extending Kassel's approach to the pre-paracyclic setting. One feature of Kassel's approach is the use of a nilpotent chain homotopy. Such a chain homotopy need not be available in the paracyclic setting (see Remark 7.6 on this point). This issue is bypassed by using the almost chain homotopy inverse ν 66 0 described above. Namely, let S 0 : C ‚ Ñ C ‚´2 be the k-linear map defined by ‚ is an S-map up to chain homotopy (Proposition 11.2). There is a unique such map (loc. cit.). When C is quasi-precyclic it can be also shown that the chain homotopy inverse ν 66 : C λ ‚ Ñ C
‚ is an S-map (loc. cit.). We also compute the S-operator and shows it actually agrees with Connes' periodicity operator in the precyclic case (Proposition 11.8) . This equality occurs at the level of chains, rather than at the homology level (compare [42, 34] ). In addition, we obtain a new, and somewhat concise, formula for the S-operator (loc. cit.).
When C is H-unital, it can be shown that the S-operator is induced on C ‚ is an S-map as well (loc. cit.).
The description of the periodicity operator for H-unital precyclic modules above has some interesting implications in periodic cyclic homology. First, Connes [9] proved a formula that relates explicitly the periodicity operator to the pb, Bq-differentials in cyclic cohomology. By using the description the S-operator in terms of the map ν 6 0 allows us to a new proof of a dual version of Connes' formula (see Proposition 11.9) .
Second, any S-map between S-modules that is a quasi-isomorphism gives rise to a quasiisomorphism in periodic cyclic homology (see Section 2) . Thus, the very fact that the quasiisomorphism s
T,‚ is an S-map ensures us it extends to a quasi-isomorphism s ν 7 :
T,‚ , where C
7
T is the periodic complex of the H-unital precyclic module C T and C λ,7 ‚ is the inverse limit of the modules C λ ‚ under the periodicity operator (see Proposition 11.10).
Applications in cyclic cohomology. By duality, the above results have interesting counterparts in cyclic cohomology and periodic cyclic cohomology. First, we obtain an explicit way to convert a pb, Bq-cocycle into a cohomologous cyclic cocycle (see Proposition 12.1 and Corollary 12.3).
Second, we exhibit an explicit quasi-isomorphism that realizes Connes' isomorphism between periodic cyclic cohomology and the direct limit of cyclic cohomology under the periodicity operator (Proposition 12.4). More precisely, this quasi-isomorphism allows us to invert the natural map in cohomology provided by the inclusion of cyclic cochain complex into the periodic cyclic cochain complex. This might have some applications to the representation of the Connes-Chern character by pb.Bq-cocycles (cf. Remark 12.5).
Organization of the paper. The rest of the paper is organized as follows. In Section 2, we present the main definitions regarding para-S-modules, quasi-S-modules, and S-homotopy equivalences, as well as some of their properties. In Section 3, we present the construction of the S-module of a parachain complex by following [21] and show that we obtain a quasi-S-module in the case of a quasi-mixed complex. In Section 4, after recalling basic facts on paracyclic modules, we introduce para-precyclic modules and quasi-precyclic modules. In Section 5, by elaborating on the considerations of [21, 34] we explain how to associate a parachain complex with any Hunital para-precyclic module. In Section 6, we construct the para-S-module C 66 of an arbitrary para-precyclic module C and show that we obtain a quasi-S-module when C is quasi-precyclic. In Section 7, we establish some generalizations of the basic perturbation lemma to para-twin complexes and parachain complexes. In Section 8, we show that when C is an H-unital para-precyclic module, the para-S-module C 6 is an S-deformation retract of C 66 . In Section 9, we show that, when C is a para-precyclic module and the ground ring contains Q, we compare the para-S-module C 66 to the cyclic complex C λ . In Section 10, we show that, when C is an H-unital para-precyclic module and the ground ring contains Q, we also can compare the para-S-module C 6 to C λ . In Section 11, we use these comparison results to describe Connes' periodicity operator and gives some applications in periodic cyclic homology. Finally, in Section 12 we describe the counterparts of these results in cyclic cohomology and periodic cyclic cohomology.
Notation. Throughout this paper we denote by k a ring with unit which is not assumed to be commutative. Unless otherwise mentioned in the last section, by a k-module we shall mean a left k-module.
By using the functoriality of the exact sequence (2.3) and the 5-lemma we obtain the following result.
Proposition 2.2. Let f : C ‚ Ñ s C ‚ be an S-map and a quasi-isomorphism. Then the chain map
‚ is a quasi-isomorphism as well. 2.2. Para S-modules. The paracyclic category of Feigin-Tsygan [19] and Getzler-Jones [21] (see also [16, 18] ) appears in various computations of cyclic homology groups, including the cyclic homology of group rings and crossed-product algebras associated with group actions on k-algebras (see, e.g., [5, 13, 20, 21, 44, 48] ). Getzler-Jones also introduced parachain complexes as the "para" version of mixed complexes (see also [16] ). In this paper, we shall use the following "para" generalization of S-modules. Definition 2.3. A para-S-module is given by a system pC ‚ , d, S, T q, where C m , m ě 0, are kmodules, d : C ‚ Ñ C ‚´1 and S : C ‚ Ñ C ‚´2 are k-linear maps, and T : C ‚ Ñ C ‚ is a k-linear isomorphism in such a way that
Remark 2.4. When T " 1 we recover the definition of an S-module. In particular, any S-module is a para-S-module.
Remark 2.5. As we shall see later, para-S-modules provides us with a natural setting for the following constructions: ‚ A version for parachain complexes of the cyclic complex of a mixed complex. This construction goes back to Getzler-Jones [21] (see Section 3). ‚ A version for para-precyclic k-modules of (the total complex of) the CC-bicomplex of Connes [8] and Tsygan [54] (see Section 6). As we shall see, although these constructions do not provide us with chain complexes, they do give rise to para-S-modules.
Given para-S-modules C " pC ‚ , d, S, T q and s C " p s C ‚ , d, S, T q, we shall say that a k-linear map f : C ‚ Ñ s C ‚ is a chain map when it is compatible with the d-operators. We shall say that this is a para-S-module map, or simply an S-map, when it is further compatible with the operators pS, T q. When T " 1 we recover the usual notion of an S-map between S-modules ( [32, 33] ).
As pC ‚ , dq and p s C ‚ , dq need not be chain complexes, we cannot speak about quasi-isomorphisms between them. However, notions of chain homotopy equivalences and deformation retracts do make sense in the same way as with usual chain complexes. More precisely, we shall say that two chain maps f 2 :
Given chain maps f : C ‚ Ñ s C ‚ and g : s C ‚ Ñ C ‚ , we then say that g is a homotopy inverse of f when gf and f g are chain homotopy equivalent to the identity maps of C ‚ and s C ‚ . We similarly define notions of chain homotopy left-inverse and right-inverse. Definition 2.6. A chain homotopy equivalence between C and s C is given by chain maps f : C ‚ Ñ s C ‚ and g : s C ‚ Ñ C ‚ that are chain homotopy inverses of each other. We have a deformation retract of C to s C when we can choose f and g so that f g " 1.
In what follows we will be interested in chain homotopies that are compatible with the pS, T qoperators. We shall say that S-maps f : C ‚ Ñ s C ‚ and f 1 : C ‚ Ñ s C ‚ are S-homotopic when they are chain homotopic and the homotopy (2.5) can be realized by means of a chain homotopy ϕ : C ‚ Ñ s C ‚`1 that is compatible with the pS, T q-operators. This allows us to give sense to notions of S-homotopy inverses of S-maps. Definition 2.7. An S-homotopy equivalence between C and s C is given by chain maps f : C ‚ Ñ s C ‚ and g : s C ‚ Ñ C ‚ that are S-homotopy inverses of each other. We have an S-deformation retract of C to s C when we can choose f and g so that f g " 1.
Given para-S-modules C " pC ‚ , d, S, T q and s
which is compatible with the operators S and T gives to a T -compatible k-linear map f 7 between periodic chains. We get an even or odd map according to the parity of d.
In what follows we shall call T -homotopy any chain homotopy between para-complexes that is realized by means of T -compatible k-linear maps. Any S-homotopy between C and s C gives rise a Thomotopy between C 7 ‚ and s C 7 ‚ . Therefore, any S-homotopy equivalence between paras-S-modules gives rise to a T -homotopy equivalence between the corresponding periodic para-complexes. More precisely, we have the following result.
where ϕ : C ‚ Ñ C ‚`1 and ψ : s C ‚ Ñ s C ‚`1 are T -compatible k-linear maps. Then, we have
In particular, this gives a T -homopotopy equivalence between C 7 and s C 7 . We get a deformation retract when f g " 1.
Remark 2.10. By Proposition 2.2, when C and s C are both S-modules, any quasi-isomorphism provided by an S-map f :
‚ . Proposition 2.9 provides us with some substitute for this result in the framework of para-S-modules.
2.4. Property (DR) and quasi-S-modules. Given any para-S-module C " pC ‚ , d, S, T q we set
The compatibility of T with the operators d and S implies that these operators induce operators on C T ‚ and R T ‚ , so that we obtain para-S-modules
T is actually an S-module. The compatibility of T with the operators d and S also implies that these operators descend to operators on C T,‚ . As T " 1 on C T,‚ we obtain another S-module C T :" pC T,‚ , d, Sq. Note that the canonical projection π T : C ‚ Ñ C T,‚ is an S-map.
We further observe that, given para-S-modules C " pC ‚ , d, S, T q and s
and it descends to a unique S-map f : C T,‚ Ñ s C T,‚ . More generally, any S-homotopy equivalence between C and s C gives rise to S-homotopy equivalences between the S-modules C T and s C T and between C T and s C T . We are especially interested in para-S-modules with the following property. Definition 2.11. A para-S-module C has property (DR) when the canonical projection π T : C ‚ Ñ C T,‚ gives rise to an S-deformation retract (i.e., it has a right-inverse which an S-homotopy left-inverse).
In what follows, given any x P C ‚ , it will be convenient to set s x " π T pxq. We shall also say that a para-S-module is S-contractible when the identity map is S-homotopic to 0.
We have the following characterization of property (DR).
Proposition 2.12. Let C " pC ‚ , d, S, T q be a para-S-module. Then C has property (DR) if and only the following two conditions are satisfied:
Suppose that C has property (DR). This means there are a chain map ι : C T,‚ Ñ C ‚ and an pS, T q-compatible k-linear map h : C ‚ Ñ C ‚`1 such that π T ι " 1 and ιπ T " 1`dh`hd. The pS, T q-compatibility of h implies that it induces an pS, T q-compatible k-linear map h :
Moreover, the equality 1`dh`dh " ιπ T implies that 1`dh`dh " 0 on R T ‚ " ker π T . Thus, the identity map on R T ‚ is S-homotopic to 0, i.e., R T is S-contractible. Set π " ιπ T and C 1 ‚ " ran π. The T -compatibility of ι means that T ι " ι, and so T π " π. This means that C 1 ‚ " ran π is contained in C T ‚ . In addition, the operators d and S acts on C 1 ‚ . Thus, we get a sub-S-module
As π T ι " 1, we have π 2 " ιpπιqπ T " π, and so π is a projection. This implies that C ‚ " C 1 ‚ ' ker π. As π " ιπ T it is immediate that ker π contains ker π T . Moreover, as π T π " pπ T ιπqπ T " π T , we also see that ker π Ă ker π T . Thus, ker π agrees with ker π T " R T ‚ , and hence
Conversely, suppose that the condition (i) and (ii) are satisfied. The latter condition means there is a a sub-S-module
‚ is a splitting of para-S-modules. This splitting also implies that the canonical projection π T :
. This is an S-map, and so we get an S-module isomorphism from C 1 onto C T . Under this isomorphism the inclusion of
This means that ι
T is S-contractible, and so there is an pS, T q-compatible k-linear map β :
hpxq "´β`x´π 1 pxq˘,
This map is compatible with the operators S and T . Moreover, as π 1 is an S-map, given any x P C ‚ , we see that dhpxq`hpdxq is equal tó
It then follows that 1`dh`hd "
Together with the equality π T ι 1 T " 1 above this shows that we have an S-deformation retract of C to C T . The proof is complete. Remark 2.13. As we can see from (2.7), the range of h is contained in R T ‚ " ker π T and its kernel contains on C 1 ‚ " ran ι 1 T . It then follows that π T h " 0 and hι 1 T " 0. Proposition 2.12 is the main impetus for introducing the following class of para-S-modules. Definition 2.14. A quasi-S-module is a para-S-module C " pC
T is Scontractible and we have the k-module splitting,
15. As we shall see, in many instances the S-contractibility of R T is ensured by the sole splitting (2.8).
When it occurs the splitting (2.8) is a splitting of para-S-modules. In such a case we shall let π T : C ‚ Ñ C ‚ be the projection on C T associated with this splitting, and, given any x P C ‚ , we set x T " π T pxq. Proof. The assumption that QpT qp1´T q " p1´T qQpT q " 0 ensures us that R T ‚ Ă ker QpT q and ran QpT q Ă C T ‚ . The fact that QpT qT " QpT q implies that QpT qT j " QpT q for all j ě 0, and so QpT qP pT q " QpT qP pT q " P p1qQpT q for every polynomial P pXq P krXs. In particular, taking P pXq " QpXq gives QpT q 2 " Qp1qQpT q " QpT q. Thus, QpT q is an idempotent, and so we have the direct sum of k-modules, C ‚ " ran QpT q ' ker QpT q.
To complete the proof we just need to show that ker QpT q Ă R T ‚ and C T ‚ Ă ran QpT q. As Qp1q " 1 there isQpXq P krXs such that QpXq´1 " pX´1qQpXq. If x P ker QpT q, then we have x " p1´QpT qqx " p1´T qQpT qx P ranp1´T q. Thus, ker QpT q Ă R T ‚ . In addition, if x P C T ‚ , then QpT qx´x "QpT qpT´1qx " 0, and so x " QpT qx P ran QpT q. This shows that C T ‚ Ă ran QpT q. The proof is complete.
Example 2.17. Suppose that T r " 1 with r ě 1 such that r´1 P k (this happens for instance when k Ą Q). Then Lemma 2.16 holds with QpXq " r´1p1`X`¨¨¨`X r´1 q. In this case, we have
Let C " pC ‚ , d, S, T q be a quasi-S-module. As the conditions (i)-(ii) of Proposition 2.12 are satisfied we know that C has property (DR). Moreover, the proof of Proposition 2.12 above provides us with an explicit S-deformation retract of C to C T and C T by using taking the projection π 1 to be π T . More precisely, let ι T : C T,‚ Ñ C ‚ be the k-linear map given by
We also let β : R T ‚ Ñ R T ‚`1 be an pS, T q-compatible contracting homotopy, i.e., 1 " dβ`βd on R T ‚ . We define the k-linear map h : C ‚ Ñ C ‚`1 defined by (2.10) hpxq "´β`x´x T˘,
Proposition 2.9 and the second part of the proof of Proposition 2.12 then give the following result.
This provides us with S-deformation retracts of C to C T and C T and T -deformation retracts of
Remark 2.19. The S-deformation retract of C 6 to C T,6 is simply given by the inclusion ι T : C T ‚ ãÑ C ‚ and the projection x Ñ x T seen as an S-mapπ
There are the S-maps ι T and π T under the isomorphism C T ‚ » C T,‚ . In fact, it is immediate thatπ T ι T " 1 on C T ‚ and by using (2.11) we get ι
TπT " π T " 1`dh`hd.
Remark 2.20. As in Remark 2.13 the chain homotopy h is such that π T h " 0 and ι T h " 0.
The Para-S-Module of a Parachain Complex
In this section, we review the construction of the para-S-module of a parachain complex due to Getzler-Jones [21] . Although, Getzler-Jones didn't not consider para-S-modules in their article, their construction actually yields a para-S-module. We shall also introduce quasi-mixed complexes as the parachain complexes that give rise to quasi-S-modules.
3.1. The Para-S-module C 6 . Let C " pC ‚ , b, Bq be a parachain complex of k-modules in the sense of Getzler-Jones [21] (see also [16] ). Recall this means that pC ‚ , bq is a chain complex of k-modules and we have an extra degree 1 differential B : C ‚ Ñ C ‚`1 , B 2 " 0, such that T :" 1´pbB`Bbq is a k-linear isomorphism. When T " 1 we recover the definition of a mixed complex [6, 33] . Even when T ‰ 1, the map T commutes with the differentials pb, Bq, and so this is an automorphism of the parachain complex C.
A number of parachain complexes arise from paracylic modules, and more generally H-unital para-precyclic modules (cf. Section 5). An example of a different kind of parachain complex is the parachain complex of equivariant noncommutative differential forms of a (non-unital) locally convex algebra acted on by a locally compact group (see Voigt [55] ).
As it follows from [21] the datum of a parachain complex C " pC ‚ , b, Bq allows us to construct a para-S-module as follows.
Throughout this paper we let u be an indeterminate variable and denote by krus the polynomial algebra over k that it generates. We shall regard the tensor product krus b C ‚ as a krus-module. Given any m, p ě 0 and x P C m , we denote by xu p the tensor product u p b x. We then have
where we have set C m u p " txu p ; x P C m u. In addition, we let u´1 :
We also denote by u´j, j ě 2, the operator pu´1q j . Note that ker u´j "
Here u´1 maps C 6 m to C m´2 ' C m´4 u '¨¨¨" C 6 m´2 . Moreover, we have pb`Bu´1q 2 " pbB`Bbqu´1 " p1´T qu´1.
In particular, when C is a mixed complex, i.e., T " 1, we recover the usual cyclic complex of a mixed complex [6, 7, 8, 9, 33] . As the S-operator u´1 simply shifts px m , x m´2 , . . .q to px m´2 , x m´4 , . . .q, the inverse limit (2.2) is naturally identified with the direct product,
Namely, the identification between lim Ð Ýu´1 C Given parachain complexes pC ‚ , b, Bq and p s C ‚ , b, Bq, an S-map f :
where the sum is finite and the k-linear maps f pjq : C ‚ Ñ s C ‚`2j , j ě 0, are compatible with the T -operator. The chain map condition means that
For instance, any map of parachain complexes f : C ‚ Ñ s C ‚ is an S-map with f p0q " f and f pjq " 0 for j ě 1. When T " 1 we recover the usual notion of S-map between cyclic complexes of mixed complexes in the sense of [33] .
Note also that (3.3) implies that f p0q is an ordinary chain map from pC ‚ , bq to p s C ‚ , bq. In addition, the corresponding chain map
‚ is given by
3.2. Quasi-mixed complexes. We shall now look at parachain complexes C for which the para-S-modules C 6 are quasi-S-modules. Let C " pC ‚ , b, Bq be a parachain complex of k-modules. As in (2.6) we form the k-modules C T ‚ " kerp1´T q, R T ‚ " ranp1´T q and C T,‚ " C ‚ {R T ‚ . As the differentials b and B commute with the operator T " 1´pbB`bBq, they induce differentials on C T ‚ and R T ‚ and descend to differentials on C T,‚ . We thus get parachain complexes
, Bq, and C T :" pC T,‚ , b, Bq. Furthermore, as bB`bB " 1´T " 0 on C T ‚ and C T,‚ , we see that C T and C T are actually mixed complexes.
By using Lemma 2.16 we obtain the following criterion.
Lemma 3.3. Suppose there is QpXq P krXs such that QpT qpT´1q " 0 and Qp1q " 1. Then C is a quasi-mixed complex.
Example 3.4. In the same way as in Example 2.17, if T r " 1 for some r ě 1 such that r´1 P k, then the assumption of Lemma 3.3 is satisfied with QpXq " r´1p1`X`¨¨¨`X r´1 q. Therefore, in this case C is a quasi-mixed complex. Examples of such quasi-mixed complexes are provided by the parachain complexes associated with r-cyclic modules (see Example 4.7 below).
Assume that C is a quasi-mixed complex. We note that the splitting
is actually a splitting of parachain complexes, and so we get a splitting of para-S-modules,
‚ . We also observe that the splitting C ‚ " C T ‚ ' R T ‚ implies that 1´T induces on R T ‚ a k-linear map which is both one-to-one and onto, and so we get a k-linear isomorphism of R T ‚ . As it is compatible with the differentiels pb, Bq we get a parachain complex automorphism. We then let
Proof. It is immediate that Bβ " B 2 p1´T q´1 " 0, and likewise βB " 0. Moreover, the equality bB`bB " 1´T implies that on R T we have bβ`βb " pbB`Bbqp1´T q´1 " p1´T qp1´T q´1 " 1.
The proof is complete.
Remark 3.6. The fact that β is a contracting homotopy was observed by Hadfield-Krähmer [29, Proposition 2.1] in the case of the parachain complex of a twisted cyclic module.
The above lemma implies that on R T,6 ‚ we have pb`Bu´1qβ`βpb`Bu´1q " bβ`βb " 1.
The contracting homotopy β : R
‚`1 is compatible with the operators S and T . Thus, this is an S-homotopy, and so the para-S-module R T is S-contractible. Combining this with the splitting (3.4) we then arrive at the following result.
Proposition 3.7 allows us to apply Proposition 2.18. More precisely, let π T : C ‚ Ñ C T,‚ be the canonical projection of C ‚ onto C T,‚ and π
They are both maps of parachain complexes. As above, given any x P C ‚ , we set s
x " π T pxq and x T " π T pxq. The projection π T induces an isomorphism of mixed complexes from C T onto C T . Under this isomorphism the inclusion of C T into C ‚ corresponds to the parachain complex embedding ι T : C T,‚ Ñ C ‚ given by
In addition, we let h : C ‚ Ñ C ‚`1 be the k-linear map defined by
This is a T -compatible map. It gives the chain homotopy (2.10) on C 6 ‚ associated with the contracting homotopy β "´Bp1´T q´1 of R T, 6 . Therefore, by using Proposition 2.18 we obtain the following result.
(
This provides us with S-deformation retracts of C 6 to C
6
T and C T,6 and T -deformation retracts of C 7 to C Remark 3.9. In the same way as in Remark 2.13, we have π T h " 0 and hι T " 0. Moreover, for all x P C ‚ , we have
That is, h 2 " 0. Therefore, we see that the chain homotopy h is special in the sense of (7.11).
Finally, when C is a quasi-mixed complex we also can modify the B-operator to get an actual mixed complex whose cyclic S-module is S-homotopy equivalent to C 6 . Namely, we have the following result. (
and a T -homotopy equivalence between their periodic para-complexes.
Proof. As the projection π T is a parachain complex map we haveB
We thus get a mixed complexC :" pC ‚ , b,Bq. Moreover, as rb, π T s " 0 and π
we see that π
T : C ‚ Ñ C ‚ is a parachain complex map from C (resp.,C) toC (resp., C). By Proposition 3.8 we have pπ T q 2 " π T " 1`pb`Bu´1qh`hpb`Bu´1q. In fact, it follows from Lemma 3.5 and the definition of h that Bh " hB " 0. Thus,Bh " π T Bh " 0 and hB " hBπ T " 0, and so we also have pπ T q 2 " 1`pb`Bu´1qh`hpb`Bu´1q. This shows that the S-maps π T : C ‚ are S-homotopy inverses of each other, and hence C 6 andC 6 are S-homotopy equivalent. Furthermore, by using Proposition 2.9 we get a T -homotopy equivalence between the periodic para-complexes C 7 andC 7 . The proof is complete.
Paracyclic and Para-Precyclic Modules
In this section, we review the main definitions and examples regarding paracyclic and paraprecyclic modules.
. . , m, called faces, and k-linear maps s j : C m Ñ C m`1 , j " 0, . . . , m, called degeneracies, which satisfy the following relations:
A paracyclic k-module [19, 21] (see also [16, 18] ) is a simplicial k-module pC ‚ , d ‚ , s ‚ q together with an invertible k-linear map t :
Here s´1 :
s´1 :" t´1s 0 t.
We obtain a cyclic k-module in the sense of Connes [8] when t m`1 " 1 on C m for all m ě 0. A paracyclic module structure is uniquely determined by the end-face d " d m , the extra degeneracy s " s´1 and the paracyclic operator t " ds. Indeed, it follows from (4.4) and (4.5) that we have
Combining this with the relations d m " d 0 t and s´1 " ts m we further see that
and s " ts m " t m`2 st´p m`1q . Thus, even in the non-cyclic case, the operator T :" t m`1 is invertible and commutes with the structural operators pd, s, tq. That is, this is a paracylic-module automorphism.
We also record the following relations satisfied by the extra-degeneracy:
Example 4.1 ( [29, 39] ). Let A be a unital k-algebra and σ : A Ñ A a unital algebra automorphism. The corresponding twisted cyclic k-module C σ pAq is the paracyclic k-module pC ‚ pAq, d σ , s, t σ q, where C m pAq " A bpm`1q , m ě 0, and the structural operators pd σ , s, t σ q are given by
When σ " 1 we recover the usual cyclic module of a unital algebra [8, 9] . In general, the operator
Example 4.2. Let Γ be a group and φ a normal element of Γ. When k has a unit these data give rise to the paracyclic k-module C φ pΓq " pC ‚ pΓq, d, s φ , t φ q, where C m pΓq " kΓ m`1 , m ě 0, and the structural operators pd, s φ , t φ q are given by dpγ 0 , . . . , γ m q " pγ 0 , . . . , γ m´1 q, (4.11)
When φ " 1 we recover the standard cyclic k-module of Γ (see, e.g., [42] ). In general, the operator T " t m`1 φ on C m pΓq arises from the diagonal left-action of φ´1 on Γ m`1 . Namely, we have
In any case, the b-differential of C φ pΓq is always the group differential (2.1).
Remark 4.3. Paracyclic modules also naturally appear in Hopf cyclic theory (see [12, 14, 26, 35] ).
As in (2.6) we introduce the k-modules C
As the structural operators pd, s, tq commute with the operator T , they induce structural operators on the k-modules C T ‚ and R T ‚ and they descend to structural operators on C T,‚ . We thus obtain paracyclic k-modules C T :" pC
and C T,m we see that C T and C T are both cyclic k-modules.
In the same way as with Lemma 3.3 we have the following result. Lemma 4.6. Suppose that C " pC ‚ , d, s, tq is a paracyclic k-module for which there is a polynomial QpXq P krXs such that QpT qpT´1q " 0 and Qp1q " 1. Then C is a quasi-cyclic k-module.
Example 4.7 (Feigin-Tsygan [19] ; see also [4] ). In the terminology of [19] , given r ě 1, an r-cyclic k-module is a paracyclic k-module C " pC ‚ , d, s, tq for which T r " 1. In the same way as in Example 2.17, when r´1 P k the assumptions of Lemma 4.6 are satisfied, and so in this case any r-cyclic k-module is a quasi-cyclic k-module. Instances of r-cyclic k-modules include the following:
‚ The twisted cyclic k-module C σ pAq of Example 4.1, when the automorphism σ is such that σ r " 1. ‚ The paracyclic k-module C φ pΓq of Example 4.2, when φ has order r.
Remark 4.8. We refer to [25, Example 3.10] for an example of a paracyclic module which is not a quasi-cyclic module.
Para-precylic Modules.
Recall that a pre-simplicial k-module C " pC ‚ , d ‚ q is given by k-modules C m , m ě 0, and k-linear maps d j : C m Ñ C m`1 , j " 0, . . . , m, satisfying the face relations (4.1). In this paper, we shall use the following definition of a para-precyclic k-module.
Remark 4.10. Para-precyclic modules are also called quasi-cyclic modules in [46] .
When the paracyclic operator t further satisfies the cyclic condition t m`1 " 1 on C m we recover the definition of a precyclic k-module [42] . In the same way as with a paracyclic module structure, a para-precyclic module structure is uniquely determined by the end face d " d m on C m and the paracyclic operator t. Moreover, the operator T " t m`1 m commutes with the structural operators pd, tq, and so this a para-precyclic module automorphism.
15
Example 4.11. Let A be a k-algebra and σ : A Ñ A an algebra automorphism. In the unital case we can form the twisted cyclic module C σ pAq of Example 4.1. In general, we can form the paraprecyclic k-module C σ pAq " pC ‚ pAq, d σ , t σ q, where C m " A bpm`1q , m ě 0, and the structural operators pd σ , t σ q are defined as in (4.8) and (4.10). We obtain the usual precyclic module of an algebra when σ " 1 (see, e.g., [42] ).
Let C " pC ‚ , d, tq be a para-precyclic k-module. In the same way as with paracyclic k-modules, the fact that the structural operators pd, tq commute with T ensures us that they define a preparacylic k-module structure on R T ‚ " ranp1´T q and precyclic k-module structures on C T ‚ " kerp1´T q and C T,‚ " C ‚ {R T ‚ . We denote by R T , C T and C T the corresponding pre-(para)cyclic k-modules.
We have the following version of Lemma 4.6.
Lemma 4.14. Suppose that C " pC ‚ , d, tq is a para-precyclic k-module for which there is a polynomial QpXq P krXs such that QpT qpT´1q " 0 and Qp1q " 1. Then C is a quasi-precyclic k-module.
Example 4.15. Given r ě 1, an r-precyclic k-module is a paracyclic k-module C " pC ‚ , d, tq for which T r " 1. In the same way as in Example 4.7, any r-precyclic k-module is a quasi-precyclic k-module when r´1 P k. For instance, the twisted precyclic k-module C σ pAq of Example 4.11 is r-precyclic when the automorphism σ is such that σ r " 1.
The Para-S-Module of an H-Unital Para-Precyclic Module
In this section, by elaborating on [21] we explain how to associate a parachain complex with any paracyclic module and, more generally, with any H-unital para-precyclic module. As a result, this allows us to associate a para-S-module with any H-unital para-precyclic module. We shall also exhibit some of the properties of these para-S-modules.
Any cyclic k-module gives rise to a mixed complex [7, 8, 9] . In the terminology of [7, 8, 9 ] the corresponding C 6 -complex is precisely the total complex of Connes' pb, Bq-bicomplex. As it turns out, this construction can be extended to precyclic modules that are H-unital, i.e., precyclic modules whose bar complexes are contractible (see, e.g., [34, 57] ).
Getzler-Jones [21] observed that the construction of the mixed complex of a cyclic module can be carried out mutatis mutandis to associate a parachain complex with any paracyclic module. In fact, in the paracyclic setting, we only need to be a bit careful with the choice of the contracting homotopy for the bar complex. Moreover, as we shall explain, this construction holds in greater generality for any H-unital para-precyclic module.
Let C " pC ‚ , d, s, tq be a paracyclic k-module. As C is a simplicial k-module we have differentials
The relations (4.7) imply that the bar complex pC ‚ , b 1 q is acyclic and a contracting homotopy is provided by the extra degeneracy s, i.e., we have
Moreover, the extra degeneracy s is compatible with the isomorphism T " τ m`1 . The chain complexes pC ‚ , bq and pC ‚ , b 1 q make sense for any pre-simplicial k-module. In particular, they make sense for any para-precyclic k-module. However, for a general para-precyclic k-module, the bar complex pC ‚ , b 1 q need not be contractible.
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Definition 5.1. A para-precyclic k-module C " pC ‚ , d, tq is called H-unital when its bar complex pC ‚ , b 1 q admits a T -compatible contracting homotopy.
An H-unital paracyclic k-module is thus given by a system pC ‚ , d, s, tq, where pd, tq defines a para-precyclic k-module structure on C ‚ and s is a T -contractible homotopy satisfying (5.2). In particular, any paracyclic k-module is an H-unital para-precyclic k-module.
Example 5.2. At least when k is a division ring, for any k-algebra with a local unit the precyclic k-module CpAq is H-unital (see [42, 57] ). As a result, given any automorphism σ : A Ñ A of finite order, the corresponding twisted precyclic k-module C σ pAq of Example 4.11 is H-unital.
Note that p1´τ qN " N p1´τ q " 1´T.
Moreover, in the same way as with cyclic modules [8, 9, 54 ] (see also [42] ) we have
Suppose now that we have a contracting homotopy
When C is cyclic and s 1 is the extra degeneracy we recover the usual B-operator [7, 8, 9] . Using (5.4) and the fact that
We also have B 2 " p1´τ qs 1 N p1´τ qs 1 N " p1´τ qs 1 p1´T qs 1 N.
Therefore, we arrive at the following result.
Proposition 5.3 (see also [21, 30] ). If the contracting homotopy s 1 is such that s 1 p1´T qs 1 " 0, then pC ‚ , b, Bq is a parachain complex such that bB`Bb " 1´T . Remark 5.4. When C is a cyclic module, i.e., T " 1, the condition s 1 p1´T qs 1 " 0 is always satisfied, and so we can choose any contracting homotopy to define the operator B. In particular, we may take s 1 to be the extra degeneracy s, in which case we recover the usual mixed complex of a cyclic module [8, 9] .
Let C " pC ‚ , d, s, tq be an H-unital pre-paracylic k-module. If T ‰ 1, then sp1´T qs " p1´T qs 2 need not be zero (there seems to be an oversight of this fact in [21] ; see also [30] on this point). However, we can replace s by the k-linear map s 1 : C ‚ Ñ C ‚`1 given by
This is a contracting homotopy, since we have
In addition, we have
As T commutes with s and b 1 , and hence with s 1 , we deduce that s 1 p1´T qs 1 " p1´T qps 1 q 2 " 0. Therefore, by using s 1 " sb 1 s to define the operator B we obtain a parachain complex.
Definition 5.5 (compare [21] ). Given any H-unital para-precyclic k-module C " pC ‚ , d, s, tq its parachain complex is pC ‚ , b, Bq, where b is defined as in (5.1) and B is given by (5.5) with
Remark 5.6. When C is a cyclic k-module, we get a mixed complex which is different from the usual mixed complex of a cyclic k-module, since for the latter the B-differential is defined by using the extra degeneracy s instead of the special homotopy s 1 " b 1 sb 1 . As it turns out, the two mixed complexes are isomorphic (see Proposition 5.9 below).
This implies that the parachain complex pC, b, Bq is a quasi-mixed complex. As the contracting homotopy s is compatible with the T -operator, it induces contracting homotopies for the bar complexes of C T and R T and it descends to a contracting homotopy for the bar complex of C T . Thus, the para-precyclic k-module R T and the precyclic k-modules C T and C T are all H-unital. Moreover, their parachain complexes are precisely the parachain complexes C T , R T , C T associated with the parachain complex pC ‚ , b, Bq. In addition, the canonical projection π T :
are both maps of H-unital para-precyclic k-modules. Therefore, by using Proposition 3.7 we arrive at the following result.
This provides us with S-deformation retracts of C 6 to C 6 T and C T, 6 , and with T -deformation retracts of C 7 to C 7 T and C T,7 .
As pC ‚ , b, Bq is a quasi-mixed complex, by Proposition 3.10 we also have a mixed complex C " pC ‚ , b,Bq whose S-module is S-homotopy equivalent to C 6 . HereB " Bπ T " p1´τ qs 1 N π T , and soC is defined in the same way as pC ‚ , b, Bq, upon replacing N byÑ :" N π T in the formula (5.5) for B.
When C is an r-precyclic k-module and r´1 P k, we know by Lemma 3.3 that C is quasi-precyclic and π T " r´1p1`¨¨¨`T r´1 q. On C m we then have
Thus, rÑ agrees with the N -operator for r-cyclic k-modules of Feigin-Tsygan [19, Appendix].
5.1. Dependence on the contracting homotopy s 1 . As it turns out, the choice of the contracting homotopy s 1 is hardly important, since, as we are going to see, all the para-S-modules that we get are isomorphic. More precisely, let C " pC ‚ , d, s, tq be an H-unital pre-paracylic k-module and suppose we are given another contracting homotopyŝ : C ‚ Ñ C ‚`1 such thatŝp1´T qŝ " 0. (In particular, when C a cyclic module we may takeŝ to be the extra degeneracy s.) We thus get another para-S-module pC 6 , b`Bu´1, u´1, T q, whereB " p1´τ qŝN . Let f :
This maps commutes with u´1 and with the operator T . This is also a graded k-linear isomorphism with inverse,
Proof. The operator f pb`Bu´1q is equal tò
By using the relation N b " b 1 N we get
As s 1 p1´T qs 1 " 0 we also obtain p1´τ qŝs 1 N B " p1´τ qŝs 1 N p1´τ qs 1 N " p1´τ qŝs 1 p1´T qs 1 N " 0.
Thus,
Similarly, the operator pb`Bu´1qf is equal tó
Thanks to the relation bp1´τ q " b 1 p1´τ q we obtain
Using the fact thatŝp1´T qŝ " 0 we also get
Combining (5.8) and (5.9) gives
we deduce that f pb`Bu´1q´pb`Bu´1qf " 0. This proves the result.
Lemma 5.8 asserts that f is a chain map from pC 6 ‚ , b`Bu´1q to pC 6 ‚ , b`Bu´1q. As this is an isomorphism which commutes with u´1 and T , we deduce that this is an isomorphism of para-S-modules. Therefore, we have proved the following result. 6. The Para-S-Module C
66
An alternative way to define the cyclic homology of a cyclic k-module is to use the CC-bicomplex of Connes [8] and Tsygan [54] with the operators pb,´b 1 , 1´τ, N q (see also [42, 43] ). From this point of view the cyclic homology is given by the homology of the total complex of this bicomplex. In fact, this bicomplex makes sense for any precyclic k-module, including precyclic modules of non-unital algebras.
In this section, we shall extend this approach to the para-(pre)cyclic setting. Although we will not get a bicomplex, we will still be able to construct a para-S-module. We shall work in the setting of para-precyclic k-modules.
Note 3) . We also define the operator δ :
Lemma 6.1 (see also [8, 43, 54] ). We have
Proof. It is immediate that δ 2 " 0, since
Likewise, we have
Therefore, we see that B 2 " p1´T qu´2. We have pBδ`δBqpxu 0 q " Bpbxu 0 q " 0. If p ě 1, then by using the relation N b " b 1 N we get
If p ě 0, then the equality bp1´τ q " p1´τ qb 1 implies that we have
It then follows that Bδ`δB " 0. The proof is complete.
It follows from Lemma 6.1 that we have pB`δq 2 " B 2`B δ`δB`δ 2 " p1´T qu´2.
As u´1 and T both commute with B and δ we arrive at the following result. Remark 6.3. If C is a cyclic k-module, i.e., T " 1, then B 2 " 0 and pB`δq 2 " 0, and so C 66 is an S-module. In particular, pC 66 ‚ , B`δq is a chain complex. In fact, this is the total complex of the bicomplex pCC ‚,‚ , B,δq, where
This bicomplex is precisely the CC-bicomplex of Connes [8, Section 4] and Tsygan [54, Proposition 1].
Remark 6.4. When C is an H-unital paracyclic k-module we obtain two para-S-modules C 6 and C 66 . We will see in Section 8 that the former is a deformation retract of the latter. ‚`1 be the k-linear map defined by
we have
As p1´τ qN p1´T q´1 " p1´T qp1´T q´1 " 1 on R 
Therefore, we see that Bβ 66`β66 B " 1 on R T,66 ‚ . In addition, we havè
We also have`δβ 66`β66 δ˘pxu 2p`1 q "´β 66 rb 1 xu 2p`1 s " 0. Therefore, we see that δβ 66`β66 δ " 0 on all R T,66 ‚ . The proof is complete.
The above lemma implies that β 66 is a contracting homotopy for pR T,66 ‚ , B`δq. By construction β 66 is compatible with the T -operator. Moreover, we have β 66 u´2 " u´2β 66 . Therefore, β 66 is an S-contracting homotopy, and so R T,66 is an S-contractible para-S-module. Combining this with the splitting (6.4) we then arrive at the following statement.
Proposition 6.6 allows us to apply Proposition 2.18 as follows. Let π T : C ‚ Ñ C T,‚ be the canonical projection of C ‚ onto C T,‚ and π
They are both maps of paracyclic k-modules. As above, π T induces an isomorphism of para-precyclic k-modules from C T onto C T , and, under this isomorphism, the inclusion of C T into C ‚ corresponds to the embedding ι T : C T,‚ Ñ C ‚ given by (2.9). This embedding is actually a para-precyclic module embedding. We also let h : C ‚ Ñ C ‚`1 be the k-linear map defined by
This is a T -compatible map. This is also the chain homotopy (2.10) associated with the contracting homotopy β 66 . Therefore, by using Proposition 2.18 we obtain the following result.
Proposition 6.7. Assume that C is a quasi-precyclic k-module. 9) is a para-precyclic k-module embedding.
(3)
We have
This provides us with S-deformation retracts of C 66 to C
66
T and C T,66 . Remark 6.8. As we can see from (6.5), the range of h 66 is contained in ' pě0 R
66 is special in the sense of (7.11).
Given any r-cyclic k-module C, Feigin-Tsygan [19 , Appendix] defined a chain bicomplex, which is like the CC-bicomplex pCC ‚,‚ , B,δq (cf. Remark 6.3). The only difference is with the formula (6.2) for the differential B, where the operator N is replaced by the operator ř rpm`1q´1 j"0 τ j . As we shall now see, the Feigin-Tsygan bicomplex is a special case of a general construction for quasi-precyclic modules.
Suppose that C is a quasi-precyclic k-module. As mentioned above the projection π T : C ‚ Ñ C ‚ is a para-precyclic k-module map. As in Section 5 setÑ " N π T " π T N , and letB :
‚´1 be the k-linear map defined as in (6.2) by using the operatorÑ instead of N . Thus,B " π T B " Bπ
When C is r-precyclic and r´1 P k, the operatorÑ is r´1-times the Feigin-Tsygan operator ř rpm`1q´1
Proposition 6.9. Suppose that C is a quasi-precyclic k-module. Proof. We know by Lemma 6.1 that B 2 " p1´T qu´2 and δ 2 " Bδ`δB " 0. As mentioned abovẽ
. Therefore, we see that δ 2 "B 2 "Bδ`δB " 0, and hence pB`δq 2 " 0. It then follows that pCC ‚,‚ ,B,δq is a chain bicomplex, and so its total complex pC 66 ‚ ,B`δq is a chain complex. As u´2 is compatible with the operators pB, δq, we then see that r C 66 :" pC 66 ‚ ,B`δ, u´2q is an S-module.
As rδ, π T s " ru´2, π T s " 0 andBπ T " π TB " Bπ T " π T B we see that π T gives rise to an S-map from C 66 (resp., r C 66 ) to r C 66 (resp., C 66 ). Moreover, by Proposition 6.7 we have pπ Therefore, we see thatBh 66`h66B " Bh 66`h66 B, and so pπ T q 2 " 1`pB`δqh 66`h66 pB`δq. It then follows that π T gives rise to an S-homotopy equivalence between C 66 and r C 66 . The proof is complete.
Perturbation Lemmas and Co-Extensions
The basic perturbation lemma [3, 17, 22, 53] is a simple and powerful tool for constructing chain homotopy equivalences in homological algebra (see, e.g., [1, 2, 3, 17, 22, 23, 24, 28, 34, 36, 40, 41, 52, 53] ). In particular, as first observed by Kassel [34] , in the context of cyclic homology it allows us to convert various deformation retracts of Hochschild complexes into deformation retracts of cyclic complexes (see also [1, 36, 51] ). Incidentally, it also provides us with a natural interpretation of the B-operator of an H-unital para-precyclic module (cf. [34, Remarque 5.3] ; see also Section 8).
In this section, we seek for generalizations of the basic perturbation lemma for para-S-modules, and more especially para-S-modules associated with parachain complexes. To this end we shall establish a generalized perturbation lemma for para-twin complexes (see below for their precise definition). Specializing these generalized perturbation lemmas to para-S-modules of parachain complexes will provide us with general recipes to convert deformation retracts of Hochschild chain complexes into S-deformation retracts of para-S-modules.
In the next sections, we will present various applications of the generalized perturbation theory of this section. We also refer to [51] for further applications regarding the normalization of the para-S-modules of paracyclic and bi-paracyclic modules and a version of the Eilenberg-Zilber theorem for bi-paracyclic modules.
Basic perturbation lemma for para-twin complexes.
In what follows by a para-twin complex we shall mean a system pC ‚ , B, δq, where C m , m ě 0, are k-modules and B : C ‚ Ñ C ‚´1 and δ : C ‚ Ñ C ‚´1 are k-linear maps. We call pC ‚ , B, δq a twin complex when we further have B 2 " δ 2 " Bδ`δB " 0. In this case pC ‚ , Bq, pC ‚ , δq and pC ‚ , B`δq are chain complexes. Given two twin complexes pC ‚ , B, δq and p s C ‚ , B, δq, the basic perturbation lemma [3, 17, 22, 53 ] is a simple recipe for converting a deformation retract of pC ‚ , Bq to p s C ‚ , Bq into a deformation retract of pC ‚ , B`δq.
We seek for generalizing the basic perturbation lemma to para-twin complexes. Thus, let C " pC ‚ , B, δq and p s C ‚ , B, δq be para-twin complexes, and assume we are given k-linear maps f :
where ϕ : C ‚ Ñ C ‚`1 is a k-linear map so that, for every m ě 0, we have
These data allow us to define k-linear mapsφ :
Note that we havef
We also define the k-linear mapδ :
We observe that (7.8)δ "f δg " f δg.
In particular, we have
We also set (7.10) ∆ " δ 2`B δ`δB.
We shall say that the chain homotopy ϕ in (7.1) is special when the following conditions are satisfied:
We are now in a position to obtain the following generalization of the basic perturbation lemma.
Lemma 7.1. Suppose that the maps f and g are compatible with the operators B, and the chain homotopy ϕ is special and ∆-compatible. Then we havẽ f pB`δq " pB`δqf , (7.12)g pB`δq " pB`δqg, (7.13)gf " 1`pB`δqφ`φpB`δq, (7.14)fg " f g, (7.15)δ 2`Bδ`δ B " f ∆g. (7.16) In addition, the chain homotopyφ is special.
Proof. We observe that (7.3) implies that (7.17)φ " ϕ`φδϕ " ϕ`ϕδφ.
We also have the following equalities,
Indeed, as ϕ is special and compatible with ∆ we have f ∆ϕ " f ϕ∆ " 0. Likewise, ϕ∆g " ∆ϕg " 0 and ϕ∆ϕ " ∆ϕ 2 " 0. By using (7.1) and (7.17) we see thatgf is equal to p1`φδqgf p1`δφq "p1`φδqp1`Bϕ`ϕBqp1`δφq "1`Bpϕ`ϕδφq`δφ`pϕ`φδϕqB`φδφ δBpϕ`ϕδφq`pϕ`φδϕqBδφ`φδ 2φ "1`pB`δqφ`φpB`δq`φ∆φ.
We know by (7.18) that ϕ∆ϕ " 0, and soφ∆φ " p1`φδqϕ∆ϕp1`δφq " 0. It then follows that gf " 1`pB`δqφ`φpB`δq, i.e., we have (7.14).
By assumption rB, f s " 0. Combining this with (7.8) and (7.14) gives pB`δqf " Bf p1`δφq`f δgf " f Bp1`δφq`f δ r1`pB`δqφ`φpB`δqs " pf`f δφqB`pf`f δφqδ`f pBδ`δB`δ 2 qφ "f pB`δq`f ∆φ.
We know by (7.18) that f ∆ϕ " 0. Thus, f ∆φ " f ∆ϕp1`δφq " 0, and hence pB`δqf "f pB`δq. Similarly, as by assumption rB, gs " 0, we see thatgpB`δq is equal to p1`φδqgB`gf δg "p1`φδqBg`p1`Bϕ`ϕBqδg "Bpg`φδgq`δpg`φδgq`φpBδ`δB`δ 2 qg "pB`δqg`φ∆g.
As by (7.18) we have ϕ∆g " 0, we getφ∆g " p1`φδqϕ∆g " 0, and sogpB`δq " pB`δqg. By using (7.8) and (7.14) we see thatδ 2 is equal to f δgf δg "f δ r1`pB`δqφ`φpB`δqs δg
"f ∆g`f ∆φδg`f δφ∆g´f pBδ`δBqg´f Bδφδg´f δφδBg.
By using the compatibility of f and g with the B-operators and the equalities f ∆φ " 0 and ϕ∆g " 0 we obtainδ 2 "f ∆g´Bf δ´δgB´Bf δφδg´f δφδgB "f ∆g´Bf pδ`δφδqg´f pδ`δφδqg "f ∆g´Bδ´δB.
This proves (7.16) . It remains to show thatfg " f g andφ is special. We haveφ 2 " p1`φδqϕ 2 p1`δφq " 0. Combining this with (7.4) we get (7.19)fg " f p1`δφqp1`φδqg " f g`fφδg`f δφg.
We also have fφ " f ϕp1`δφq " 0 andφg " p1`φδqϕg " 0. Thus, fφ " f p1`δφqφ " fφ`f δφ 2 " 0, ϕg "φp1`φδqg "φg`φ 2 δg " 0.
Combining this with (7.19) shows thatfg " f g. Asφ 2 " 0 this also shows that the chain homotopyφ is special. The proof is complete.
Remark 7.2. When f g " 1 and C and s C are both twin complexes (i.e., B 2 " δ 2 " Bδ`δB " 0) we recover the basic perturbation lemma in the version of [3, 22] . Remark 7.3. When f g " 1 and r∆, f s " 0 the equalities (7.15) and (7.16) become
Remark 7.4. The proof of Lemma 7.1 shows a little more. A close examination of the proof shows the following:
(a) In order to get (7.14) we only need (7.18).
(b) In order to get (7.12) (resp., (7.13)) we only need (7.18) and the compatibility of the map f (resp., g) with the B-operators. (c) In order to get (7.16) we only need (7.18) and the compatibility with the B-operators of both maps f and g.
Remark 7.5. If rδ, f s " 0, thenf " f andδ " f δg " δf g. Indeed, as ϕ is special, we have f δϕ " δf ϕ " 0, and so by using (7.5) and (7.9) we see thatf " f andδ " f δg. In particular, when rδ, f s " 0 and f g " 1 we haveδ " δ.
Remark 7.6. The assumption that ϕ is special ensures us that f ϕ " 0 and ϕg " 0. When f g " 1 these two conditions are not essential. Indeed, if we set π " gf , then π is compatible with the Boperator on C ‚ and, as f g " 1, we have π 2 " gpf gqf " π. Therefore, if we setφ " p1´πqϕp1´πq, then we have f g´1 " p1´πqpf g´1qp1´πq " p1´πqpBϕ`ϕBqp1´πq " Bφ`φB.
We also have f p1´πq " f´pf gqf " 0 and p1´πqg " g´gpf gq " 0, and so fφ " 0 andφg " 0. Thus, upon replacing ϕ byφ we obtain a chain homotopy such that f ϕ " 0 and ϕg " 0.
Assume further that B 2 " 0 and we are given a chain homotopy such that f ϕ " 0 and ϕg " 0. Under these assumptions the condition ϕ 2 " 0 in (7.11) becomes inessential. Indeed, we then have pBϕq 2 " p1´π´ϕBqBϕ " Bϕ. Likewise, pϕBq 2 " ϕB, and so BpϕBϕq`pϕBϕqB " Bϕ`ϕB " 1´π. We also have Bϕ 2 B " p1´π´ϕBqp1´π´Bϕq " 1´π´ϕB´Bϕ " 0, and hence pϕBϕq 2 " ϕpBϕ 2 Bqϕ " 0. Thus, upon replacing ϕ by ϕBϕ we obtain a chain homotopy such that ϕ 2 " 0. All this shows that, when f g " 1 and B 2 " 0, we can convert ϕ into a special homotopy by replacing it byφ :"φBφ " p1´πqϕBp1´πqϕp1´πq.
Note that when f ϕ " 0 we simply haveφ " ϕBϕp1´πq. When f g ‰ 1 or B 2 " 0 the above transformations need apply. Thus, whereas in the setting of the basic perturbation lemma the special homotopy assumption is not essential, it becomes essential for the generalization provided by Lemma 7.1.
Further elaborating on the remarks above we would like to stress that, when ∆ " 0 and f is compatible with the δ-operators, we actually can relax the assumption on ϕ being special (compare [34] ). Namely, we have the following result.
Lemma 7.7. Suppose that ∆ " 0 on C ‚ and s C ‚ . Assume further that rδ, f s " f ϕ " 0 and rB, gs " 0. Then we have pB`δqg "gpB`δq, (7.21) fg " f g,gf " 1`pB`δqφ`pB`δqφ, (7.22)δ " δf g,δ 2`Bδ`δ B " 0, (7.23)
Proof. As rδ, f s " f ϕ " 0, we know by Remark 7.5 thatf " f andδ " δf g. Moreover, in the same way as in the proof of Lemma 7.1, we have fφ " f ϕp1`δφq " 0, and so f δφ " δfφ " 0. Combining this with (7.4) we get fg "fg " f p1`δφqp1`φδqg " f g.
By assumption rB, gs " 0, and as ∆ " 0 the equalities (7.18) are trivially satisfied. Therefore, by Remark 7.4 we have (7.13), (7.14) and (7.16). Asf " f and ∆ " 0 this gives (7.21) and the equalitiesgf "gf " 1`pB`δqφ`pB`δqφ andδ 2`Bδ`δ B " f ∆g " 0. The proof is complete.
Remark 7.8. When f g " 1 we have fg " f g " 1 andδ " δf g " δ, and so pB`δqg "gpB`δq. Thus, if we further have the compatibility of f with the B-operators, then we obtain a deformation retract of pC ‚ , B`δq to p s C ‚ , B`δq.
Perturbation lemmas for parachain complexes.
We shall now specialize Lemma 7.1 and Lemma 7.7 to parachain complexes. This will enable us to construct co-extensions of deformation retracts of Hochschild complexes. In particular, this will generalize to parachain complexes the version of the basic perturbation lemma for mixed complexes of Kassel [34] (see also [1] ). Suppose that C " pC ‚ , b, Bq and s C " p s C ‚ , b, Bq are parachain complexes. Any S-map f :
are T -compatible k-linear maps satisfying (3.3). In particular, the zero-th degree component f p0q : C ‚ Ñ s C ‚ is a Hochschild chain map, i.e., rb, f p0q s " 0. Conversely, given any T -compatible Hochschild chain map f : C ‚ Ñ s C ‚ , we shall call co-extension of f any S-map f 6 : C 6 ‚ Ñ s C 6 ‚ such that f 6p0q " f . This terminology was coined by Hood-Jones [27] .
Throughout the rest of this section we assume we are given Hochschild chain maps f : C ‚ Ñ s C ‚ and g : s C ‚ Ñ C ‚ that provide us with a deformation retract,
where ϕ : C ‚ Ñ C ‚`1 is some k-linear map. We seek for applying Lemma 7.1 to the the para-twin complexes pC 
We also define k-linear maps f 6 :
Note that the maps f 6 and g 6 are compatible with the S-operators and their zero-th degree componenents are f and g, respectively. In addition, we letB :
By assumption the chain homotopy ϕ is special. Note also that if B " b and δ " Bu´1, then in the notation of (7.3)-(7.7) the maps pϕ 6 , f 6 , g 6 ,Bu´1q are precisely the maps pφ,f ,g,δq. Moreover, 26 we have
Thus, the compatibility with the ∆-operators follows from the compatibility with the T -operators. Therefore, we have the following version of Lemma 7.1.
Lemma 7.9. Suppose that the maps pf, g, ϕq are T -compatible and the chain homotopy ϕ is special. Then
In particular, we obtain an S-deformation retract of C 6 toC 6 , and a T -deformation retract of C 7 toC 7 . (iii) The chain homotopy ϕ 6 is special.
Proof. The T -compatibility of the maps pf, g, ϕq ensure us the T -compatibility of the maps pf 6 , g 6 , ϕ 6 q. Granted this, the parts (ii) and (iii) then follow from the last two parts of Lemma 7.1 and from Remark 7.3. Moreover, by using (7.20) and (7.26 ) and the fact that b 2 " 0 we get
AsB is compatible with u´1 and T it then follows that p s C 6 ‚ , b`Bu´1, u´1, T q is a para-S-module. The proof is complete.
Remark 7.10. When C and s C are mixed complexes (i.e., bB`Bb " 0) the para-S-moduleC 6 is actually an S-module, since in this case T " 1´pbB`Bbq " 1. In particular, we recover the version of the basic perturbation lemma for mixed complexes of Kassel [34] 
Thus, if B pjq " 0 for j ě 1, then p s C, b, B p0is a parachain complex whose para-S-module is preciselyC 6 .
Remark 7.12. In general,C 6 need not be the para-S-module of a parachain complex. This shows the relevance of considering para-S-modules when attempting to apply perturbation lemmas in the setting of parachain complexes.
Further elaborating on Remark 7.11 we have the following result.
Lemma 7.13. Suppose that the maps pf, g, ϕq are T -compatible and the chain homotopy ϕ is special. Assume further that (7.28) f Bg " B and f pBϕq j Bg " 0 for j ě 1.
Then the following holds.
‚ are S-maps and coextensions of f and g, respectively.
(ii) We have
In particular, we obtain an S-deformation retract of C 6 to s C 6 and a T -deformation retract of
Proof. The assumptions (7.28) and Remark 7.11 ensure us that the para-S-moduleC 6 of the first part of Lemma 7.9 agrees with s C 6 . The result then follows from the last two parts of Lemma 7.9.
When f is already a map of parachain complexes we have the following statement.
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Lemma 7.14. Suppose that f is a map of parachain complexes, the maps pg, ϕq are T -compatible, and the chain homotopy ϕ is special. Then
‚ is an S-map and a co-extension of g.
In particular, this provides us with an S-deformation retract of C 6 to s C 6 and a T -deformation retract of C 7 to s C 7 . (iii) The chain homotopy ϕ 6 is special.
Proof. The fact that f is a map of parachain complexes ensures us it is compatible with the operators T " 1´pbB`Bbq and δ " Bu´1. As f g " 1, we can argue in the same way as in Remark 7.5 to show that f 6 " f and the conditions (7.28) are satisfied. The result then follows from Lemma 7.13.
Finally, when C and s C are mixed complexes (i.e., when T " 1) we can relax the assumptions on the chain homotopy ϕ (compare [1, 34] ). Namely, by using Lemma 7.7 and Remark 7.8 we obtain the following result.
Lemma 7.15. Suppose that C and s C are mixed complexes. Assume further that f is a map of mixed complexes and f ϕ " 0. Then
This provides us with an S-deformation retract of C 6 to s C 6 and a T -deformation retract of C 7 to s C 7 .
7.3. Some Applications. It is well known that a map of mixed complexes is a quasi-isomorphism at the cyclic chain level if and only if it is an isomorphism at the ordinary chain level (see, e.g., [42] ). As a first application of the results of this section we shall prove the following version of that result for parachain complexes. 
Furthermore, if (i) and (ii) hold, then we get a T -deformation retract of C
Proof. Suppose that f gives rise to a T -deformation retract of pC ‚ , bq to p s C ‚ , bq. That is, there is a T -compatible chain map g : p s C ‚ , bq Ñ pC ‚ , bq and a T -compatible k-linear map ϕ : C ‚ Ñ C ‚`1 satisfying (7.25). As pointed out in Remark 7.6, we may assume that the chain homotopy ϕ is special, since f g " 1 and b 2 " 0. Lemma 7.14 then produces a coextension
‚ which is a right-inverse of f on s C 6 and a S-homotopy left-inverse on C 6 ‚ . This gives an S-deformation retract of C 6 to s C 6 , and so by Proposition 2.9 we obtain a T -deformation retract of C 7 to s C 7 . Conversely, suppose there are an S-map g 6 : s C 6 ‚ Ñ C 6 ‚ and an pS, T q-compatible k-linear map
Set g 6 " ř jě0 g pjq u´j and ϕ 6 " ř jě0 ϕ pjq u´j, where g pjq : C ‚ Ñ C ‚`2j and ϕ pjq :
are T -compatible k-linear maps. We observe that the zeroth degree component parts of f g 6 , g 6 f , and 1`pb`Bu´1qϕ 6`ϕ6 pb`Bu´1q are f g p0q , g p0q f , and 1`bϕ p0q`ϕp0q b, respectively. Therefore, taking zeroth degree component parts in both equalities in (7.29) gives f g p0q " 1 and g p0q f " 1`bϕ p0q`ϕp0q b. In particular, we get a T -deformation retract of pC ‚ , bq to p s C ‚ , bq. The proof is complete.
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Applying the above result to the canonical projection π T : C ‚ Ñ C T,‚ of a parachain complex provides us with the following characterization of property (DR) for para-S-modules associated with parachain complexes. When C is a cyclic module, Connes [8] showed that C 66 and C 6 are quasi-isomorphic chain complexes (see also [42, 43] ). Subsequently, Kassel [34] exhibited a deformation retract of C 66 to C 6 when C is an H-unital precyclic module. In addition, he pointed out that his deformation retract could be obtained by using the basic perturbation lemma, and the B-operator would naturally re-appear from this process (cf. [34, Remarque 5.3] ).
In this section, by elaborating on Kassel's observation we shall extend to H-unital para-precyclic modules the aforementioned equivalence results. This will use the generalization of the basic perturbation lemma given by Lemma 7.1. In particular, as we shall see, and further confirming Kassel's observation, the B-differential (5.5) naturally arises from the perturbation of the deformation retract of pC As I 0 bpxu p q " I 0 pbxu p q " bxu 2p " δpxu 2p q " δI 0 pxu p q, we see that I 0 is a chain map from pC As J 0 δpxu 2p q " J 0 pbxu 2p q " bxu p " bJ 0 pxu 2p q and J 0 δpxu 2p`1 q " J 0 pbxu 2p`1 q " 0 " bJ 0 pxu 2p`1 q, we also see that J 0 is a chain map from pC Lemma 8.1. We have
In particular, we get a deformation retract of pC 66 ‚ , δq to pC 6 ‚ , bq. In addition, the chain homotopy h is special.
Proof. Let x P C ‚ . We have J 0 I 0 pxu p q " J 0 pxu p q " 1, and so J 0 I 0 " 1. Likewise, we have I 0 J 0 pxu 2p q " I 0 pxu p q " xu 2p . As h " 0 on C ‚ u 2p , we also get pδh`hδqpxu 2p q " hrbxu 2p s " 0. Thus, (8.2) p1`δh`hδqpxu 2p q " xu 2p " I 0 J 0 pxu 2p q.
Note also that I 0 J 0 pxu 2p`1 q " 0. Moreover, we have
Therefore, we see that p1`δh`hδqpxu 2p`1 q " 0 " I 0 J 0 pxu 2p`1 q. Combining this with (8.2) gives the homotopy formula I 0 J 0 " 1`δh`hδ.
In addition, we have h 2 pxu 2p q " 0 and h 2 pxu 2p`1 q " ps 1 q 2 xu 2p`1 " 0, and so h 2 " 0. As hI 0 pxu p q " hpxu 2p q " 0, we also see that hI 0 " 0. In addition, we have J 0 hpxu 2p q " 0 and
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J 0 hpxu 2p`1 q " J 0 ps 1 xu 2p`1 q " 0, and so J 0 h " 0. All this shows that the chain homotopy h is special. The proof is complete.
We seek for applying Lemma 7.1 to the deformation retract (8.1). That is, for the paratwin complexes pC 66 ‚ , δ, Bq and pC 6 ‚ , b, Bu´1q, where the respective roles of the maps pf, g, ϕq are played by the maps pJ 0 , I 0 , hq. As pC 6 ‚ , b, Bu´1q is a parachain complex, its ∆-operator (7.10) is p1´T qu´1. Using Lemma 6.1 we also see that the ∆-operator of pC 66 ‚ , δ, Bq is given by ∆ " B 2`δ B`Bδ " p1´T qu´2.
It is immediate from their definitions that the maps pJ 0 , I 0 , hq are T -compatible. It is also straightforward to check that J 0 u´2 " u´1J 0 , I 0 u´1 " u´2I 0 and hu´2 " u´2h. Therefore, we see that the maps pJ 0 , I 0 , hq are ∆-compatible. Together with Lemma 8.1 this allows us to apply Lemma 7.1. Let ph,J,Ĩ,Bq be the maps (7.3)-(7.4) and (7.7) associated with ph, J 0 , I 0 , Bq. Namely,
By Lemma 7.1 these maps provide us with a deformation retract from pC Let I :
We also define the k-linear map J :
We haveh " h,J " J,Ĩ " I,B " Bu´1.
Proof. Let x P C ‚ . We have (8.6) Bhpxu 2p q " 0 and Bhpxu 2p`1 q " Bps 1 xu 2p`1 q " p1´τ qs 1 xu 2p .
This implies that hBhpxu 2p q " 0 and hBhpxu 2p`1 q " hrp1´τ qs 1 xu 2p s " 0, and hence hBh " 0. It then follows thath " ř jě0 hpBhq j " h. As a result we can substitute h forh in the definitions of pĨ,J,Bq in (8.3). By using (8.6) we getJpxu 2p q " J 0 p1`Bhqpxu 2p q " J 0 pxu 2p q " xu p . We also get
It then follows thatJ " J. We also have hBI 0 pxu 0 q "
This shows that hBI 0 " s 1 N u´1I 0 u´1, and soĨ " p1`hBqI 0 " p1`s 1 N u´1qI 0 " I. We also have J 0 BI 0 pxu p q " J 0 Bpxu 2p q " J 0 pN xu 2p´1 q " 0, and so J 0 BI 0 " 0. In addition, we have J 0 BhBI 0 pxu 0 q " J 0 BhBpxu 0 q " 0 " Bu´1pxu 0 q. If p ě 1, then by (8.7) we have hBI 0 pxu p q " s 1 N xu 2p´1 , and so we get
Therefore, we see that J 0 BhBI 0 " Bu´1. Thus,
We are now in a position to prove the main result of this section. 
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(2) We have
This provides us with an S-deformation retract of
The chain homotopy h is special (i.e., Jh " 0, hI " 0, and h 2 " 0).
Proof. It follows from Lemma 7.1 and Lemma 8.2 that I and J are chains maps giving rise to the deformation retract (8.8) . Moreover, the chain homotopy h is special, in the sense that Jh " 0, hI " 0, and h 2 " 0. As mentioned above, the chain homotopy h is compatible with the operators u´2 and T on C 66 ‚ . It follows from their definitions that I and J are T -compatible maps. Moreover, it can be checked that Iu´1 " u´2I and Ju´2 " u´1J. Therefore, the maps I and J are S-maps and the deformation retract (8.8) is an S-deformation retract of C 66 to C 6 . The proof is complete.
Remark 8.4. When C is an H-unital precyclic module Proposition 8.3 was proved by Kassel [34] . .4) is a quasi-isomorphism when C is the cyclic module of an unital k-algebra and k is commutative.
Comparison of C
66 and C λ When C is a precyclic k-module with k Ą Q, Kassel [34] used a version of the basic perturbation lemma to construct a deformation retract of the chain complex C 66 to Connes' cyclic complex C λ . In this section, we seek for a similar result for para-precyclic modules by using the perturbation theory of Section 7. In particular, this approach avoids using the cyclic relation τ m`1 " 1, which is used in [34] , but is not available in general with para-precyclic modules.
Recall that if C " pC ‚ , d, tq is a precyclic k-module, then its cyclic chain complex in the sense of Connes [7, 8, 9] 
Here τ is given by (5.3) and the differential b is induced from the Hochschild differential b : C ‚ Ñ C ‚´1 . Indeed, as bp1´τ q " p1´τ qb 1 this operator descends to a unique k-linear differential
, tq is any para-precyclic k-module, then we can define the k-modules C λ m , m ě 0, as in (9.1). As we still have the relation bp1´τ q " p1´τ qb 1 , the Hoschschild differential descends to a k-linear differential b :
, and so we get a chain complex C λ :" pC λ ‚ , bq. In what follows, we assume we are given a para-precyclic k-module C " pC ‚ , d, tq. We let
We also let π 
Lemma 9.1. We have
In particular, the projection π 66 : C 66 Ñ C λ is a chain map.
Proof. Let x P C ‚ . If p ě 2, then Bpxu p q and u´1pxu p q " xu p´1 are both contained in ' qě1 C ‚ u q " ker π From now on we assume that k Ą Q. In what follows, given x P C m , m ě 0, we set x " pm`1q´1x andN x " Nx.
We then let ν : C ‚ Ñ C 66 ‚ be the k-linear map defined by
For j ě 0, set N j pXq " ř ℓďj X ℓ P krXs. Note that X j`1´1 " pX´1qN j pXq. In addition, let D m pXq P krXs be the polynomial given by
We observe that
LetD : C ‚ Ñ C ‚ be the k-linear map defined by
Note that by (9.3) we have (9.5)N`p1´τ qD " 1.
We then let ϕ :
Lemma 9.2 (compare [34]). We have
Bν " 0, π 66 0 ν "N , νπ 66 0 " 1`Bϕ`ϕB. Proof. As the range of ν is contained in C ‚ u 0 Ă ker B, we have Bν " 0. Let x P C ‚ . We have π 66 0 νpxq " π 66 0 pN xu 0 q "N x, and so π 66 0 ν "N . By using (9.5) we also see that p1`ϕB`Bϕqpxu 0 q is equal to
This gives p1`ϕB`Bϕqpxu 2p q " 0 " νπ
Thus, as above, we have p1`ϕB`Bϕqpxu 2p`1 q " 0 " νπ 66 0 pxu 2p`1 q. All this shows that 1`ϕB`Bϕ agrees with νπ 66 0 on all C 66 ‚ . The proof is complete.
As it turns out, Lemma 9.1 and Lemma 9.2 allows us to apply Lemma 7.7 to the para-twin complexes pC 
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We also introduce the k-linear map µ 66 : C ‚ Ñ C 66 ‚ given by
Note that ν 66 0 pxq " µ 66 pN xq, since νpxq " Nxu 0 . In addition, for x P C m , we setb 1 x " m´1bx, with the convention thatb 1 x " 0 when m " 0.
Lemma 9.3. Let C be a para-precyclic k-module, and assume that k Ą Q.
(2) For all x P C ‚ , we have
Proof. In the current setup (7.22) and (7.24) give
As by (9.5) and Lemma 9.2 we have π 66 0 ν "N " 1´p1´τ qD, we see that π 66 0 ν 66 0 " 1´p1´τ qD. Thus, in the notation of (7.23) we havẽ
We also observe that ν 66 0 p1´τ q " µ 66 N p1´τ q " µ 66 p1´T q " p1´T qµ 66 .
Therefore, the chain map property (7.21) gives pB`δqν It remains to prove (9.11). Let x P C ‚ . We have
An induction then shows, for all j ě 0, we have (9.14)
As ν 66 0 " µ 66 N we obtain (9.11). The proof is complete.
Remark 9.4. For future purpose we record the following formulas for the chain homotopy ϕ 66 that we get from (9.12)-(9.13). Namely, for all x P C ‚ , we have 
As by (9.8) 
0 . Therefore, we arrive at the following statement. Corollary 9.6 (see also [34] ). Suppose that C is a precyclic k-module and k Ą Q. Then we have
In particular, this provides us with a deformation retract of C 66 to C λ .
Remark 9.7. When C is a precyclic module it is well known that the projection π 66 :
‚ is a quasi-isomorphism [8] (see also [42, 43] ).
Remark 9.8. When C is a precyclic k-module we recover the deformation retract of C 66 to C λ produced by Kassel [34] as follows. For m ě 0 setD m pXq " ř m j"0 jX j P krXs, and letĎ : C ‚ Ñ C ‚ be the k-linear map defined by Dx "D m pτ qx, x P C m , m ě 0.
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We haveD m pτ q "
. By combining this with (9.5) and the equality τ m`1 " 1, it can be shown that, when C is precyclic, we havê
N´p1´τ qĎ " 1.
Therefore, in the precyclic case, we obtain an alternative chain homotopy satisfying (9.21) by substituting´Ď forD in the formula (9.6) for ϕ. This gives back the chain homotopy used by Kassel [34] . We then recover his formula for the homotopy inverse of π 66 by substituting´Ď for D in the formula (9.11) .
Suppose that C is a quasi-precyclic k-module, so that
‚ defined by this splitting. This is a para-precyclic k-module map, and so it gives rise to a chain map π : C 66 ‚ Ñ C 66 ‚ . By Proposition 6.7 this chain map is chain homotopic to the identity map. Namely, we have π T " 1`pB`δqh 66`h66 pB`δq, where h 66 is given by (6.5). We observe that (9.10) implies that π T ν 66 0 p1´τ q " π T p1´T qµ 66 " 0, and so π T ν 66 0 descends to a unique k-linear map,
Proposition 9.9. Assume that C is a quasi-precyclic k-module and k Ą Q. Then the k-linear map ν T,66 :
In particular, we obtain a deformation retract of C 66 to C λ .
Proof. Like the canonical projection π T : C ‚ Ñ C T,‚ , the projection π T is a para-precyclic k-linear map that is annihilated by R T ‚ . Thus, by using the equality ν T,66 π λ " π T ν 66 0 and arguing along similar lines as that of the proof of Proposition 9.5 it can be shown that ν T,66 :
‚ is a chain map. In addition, as π 66 π T " π 66 , in the same way as in (9.19) we have
Therefore, we see that π 66 ν T,66 " 1 on C and C λ are quasi-isomorphic [7, 8, 9 ] (see also [43] ). In this section, we shall combine the results of the previous two sections to compare C 6 and C λ in the case of H-unital para-precyclic modules. Throughout this section we assume that k Ą Q, and let C " pC ‚ , d, s, tq be an H-unital preparacyclic k-module. Let π 0 : C 6 ‚ Ñ C ‚ be the natural projection onto the zeroth degree summand C ‚ u 0 " C ‚ . By composing it with the projection π λ :
Note that π 6 0 " π 66 0 I and π 6 " π 66 I. We also observe that
In particular, this implies that π 6 : C We also set µ 6 " Jµ 66 , where µ 66 : C ‚ Ñ C 66 is given by (9.15).
Lemma 10.1. Suppose that C is an H-unital para-precyclic k-module and k Ą Q.
(1) We have
6`ϕ6 pb`Bu´1q, (10.5)
Proof. By (9.10) we have ν 6 0 p1´τ q " Jν 66 0 p1´τ q " Jp1´T qµ 66 " p1´T qµ 6 . As J is a chain map we also have pb`Bu´1qν Moreover, by using (9.9) we see that ν " 1`pb`Bu´1qϕ 6`ϕ6 pb`Bu´1q.
It follows from the formulas (8.5) and (9.11) for J and ν 66 0 that, given any x P C ‚ , we have
This proves (10.7) . Combining this with the equalityN`p1´τ qD " 1 further gives
We have π . Let x P C ‚ . The formulas (9.16)-(9.17) implies that ϕ 66 pxu p q is contained in ' qěp`1 C ‚ u q , and so ϕ 66 pxu p q " 0 when p ě 1. As (9.6) shows that ϕpxu 0 q "´Dxu mod ' qě2 C ‚ u q , we also get 
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Let π T : C ‚ Ñ C T,‚ be the canonical projection of C ‚ onto C T,‚ . As this is a map of H-unital para-precyclic k-modules, it gives rise to a chain map π T : C 6 Ñ C 6 T,‚ . Therefore, in the same way as with the projection π 66 above, the projection π 6 :
It follows from (10.6) that π T ν 6 0 p1´τ q " π T p1´T qµ 6 " 0. Therefore, the k-linear map
T,‚ descends to a unique k-linear map,
In fact, as ν . Therefore, we see that s ν 6 " J s ν 66 . In particular, as J is a chain map, and s ν 66 is a chain map as well by Proposition 9.5, we see that
T,‚ is a chain map. In addition, as the chain homotopy ϕ 6 :
‚`1 is compatible with the T -operator, it descends to a unique k-linear map s
. By using Lemma 10.1 and arguing along similar lines as that of the proof of Proposition 9.5 we then obtain the following result.
Proposition 10.2. Suppose that C is an H-unital para-precyclic k-module and k Ą Q. Then
In particular, we obtain a deformation retract of
Proof. By using Lemma 10.1 and arguing along similar lines as that of the proof of Proposition 9.5 it can be shown that s π 6 s ν 6 " 1 and s ν 6 s π 6 " 1`pb`Bu´1q s ϕ 6`s ϕ 6 pb`Bu´1q. Moreover, by using (10.6) we see that s π 6 s ϕ 6 π T " s π 6 π T ϕ 6 " π λ π 6 0 ϕ 6 "´π λ p1´τ qs 1bD " 0. It then follows that s π 6 s ϕ 6 " 0 on
T,‚ . The proof is complete.
It is interesting to specialize Proposition 10.2 to H-unital precyclic k-modules. In this case s π 6 is just the projection π 6 and s ϕ 6 agrees with the chain homotopy ϕ 6 . Furthermore, as T " 1 the equalities (10.3) and (10.6) ensure us that ν 
0 . Therefore, we obtain the following statement.
Corollary 10.3. Suppose that C is an H-unital precyclic k-module and k Ą Q. Then we have
In particular, we obtain a deformation retract of C 6 to C λ .
Suppose now that C is an H-unital quasi-precyclic k-module, so that
‚ associated with this splitting. This is an H-unital paraprecyclic k-module map, and so it yields a chain map C 6 ‚ Ñ C 6 ‚ . By Proposition 3.8 this chain map is S-homotopy equivalent to the identity map. Namely, π T " 1`pb`Bu´1qh`hpb`Bu´1q, where h : C 6 ‚ Ñ C 6 ‚`1 is given by (3.5) . Note also that by (10.6) we have π T ν 6 0 p1´τ q " π T p1´T qµ 6 " 0, and so π T ν 6 0 descends to a unique k-linear map,
We also let ϕ T,6 : C 6 ‚ Ñ C 6 ‚`1 be the k-linear map defined by
Proof. By using Lemma 10.1 and arguing along similar lines as that of the proof of Proposition 9.9 we see that π 6 ν T,6 " 1 and ν T,6 π 6 " 1`pb`Bu´1qϕ T,6`ϕT,6 pb`Bu´1q. As mentioned in Remark 2.13, the range of h is contained in R T,6 Ă ranp1´τ q, and so π 6 h " 0. By using (10.6) we also get π 6 ϕ 6 " π λ π 6 0 ϕ 6 "´π λ p1´τ qs 1bD " 0. Therefore, we see that π 6 ϕ T,6 " π 6 h`π 6 ϕ 6 π T " 0. The proof is complete.
The Periodicity Operator
It was observed by Kassel [34] that, given any precyclic k-module C with k Ą Q, the deformation retract of C 66 to Connes' complex C λ allows us to get an alternative description of the periodicity operator of Connes [7, 8, 9] in cyclic homology.
In this section, we further elaborate on Kassel's approach to the periodicity operator. We shall relate the periodicity operator to the comparison results of the previous sections between C 66 and C λ for para-precyclic modules, and between C 6 and C λ in the H-unital case. We will also give a few applications in periodic cyclic homology.
One feature of the approach of [34] is the use of a special chain homotopy in the construction of the deformation retract of C 66 and C λ in the precyclic case. A special chain homotopy need not be available in general in the setting of para-precyclic modules (cf. Remark 7.6). We shall bypass this issue by using the almost chain homotopy inverse ν 66 0 of Section 9. Not only will this allow us to proceed in the para-precyclic case, this will also lead us to a simpler formula for the periodicity operator and an equality with Connes' periodicity at the level of chains, rather than at the cyclic homology level (compare [34, 42] ).
11.1. The periodicity operator on C λ ‚ . Suppose that k Ą Q, and let C be a (pre)cyclic kmodule. The cyclic homology of C is a module over the cyclic cohomology of k. By using Connes' cyclic chain complex C λ , this module structure is implemented at the chain level by combining the canonical identification C ‚ » kb k C ‚ with the cap product with the Connes cyclic cochain complex of k (see [7, 8, 9] ). In fact, the cyclic cohomology of k is a polynomial ring over k generated by the 2-cocycle such that σp1, 1, 1q " 1. The action of σ on C λ ‚ is implemented by the chain map
This is Connes' periodicity operator. In particular, this turns the chain complex C λ into an Smodule. In addition, this operator fits into Connes' exact sequence in cyclic homology,¨¨Ñ
where H ‚ pCq (resp., H λ ‚ pCq) is the Hochschild (resp., cyclic) homology of C (see [7, 8, 9] ). From now on, we assume that k Ą Q, and let C " pC ‚ , d, tq be a para-precyclic k-module. It is not possible to find a chain map S : C λ ‚ Ñ C λ ‚´2 such that Sπ 66 " π 66 u´2 or Ss π 66 " s π 66 u´2. Nevertheless, by Proposition 9.5 the chain map s π 66 has a right-inverse and chain homotopy leftinverse. Namely, the embedding s
T,‚ given by (9.11) and (9.18). Therefore, it is natural to seek for a chain map S :
for all x P C ‚ .
As we shall see this equation is satisfied by a unique k-linear chain map of degree´2 and will provide us with a solution of Sπ 66 " π 66 u´2 up to homotopy (see Proposition 11.2 below). Let S 0 : C ‚ Ñ C ‚´2 be the k-linear map defined by
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We also introduce the k-linear map ψ 
Proof. As by (9.11) we have ν
It then follows that S 0 " π 66 0 pu´2ν 66 0 q " ξN . Furthermore, given any x P C ‚ , we have S 0 p1´τ qx " ξN p1´τ qx " ξp1´T qx " p1´T qξx.
Combining this with (11.8) and using the equalityN`p1´τ qD " 1 gives
As by (9.15) we have µ 66 pxq " ř jě0 p1`ηuqξ jx , x P C ‚ , we get
Thanks to the equality p1´τ qb " p1´τ qb 1 we have
By using (11.8) we also get u´3ν 66 0 " ηξN`ř jě1 p1`ηuqξ j`1N u 2j´1 , and so π 66 0 pu´3ν 66 0 q " ηξN . Therefore, we see that π 66 pB`δq´u´2ν 66 0¯" bS 0`η ξN . Combining this with (11.9) and (11.10) gives (11.7). The proof is complete.
As (11.4) implies that S 0 maps ranp1´τ q to R T ‚ Ă ranp1´τ q, we see that S 0 descends to a unique k-linear map,
We also let ψ 66 : C 
‚ given by (9.22 ) is an S-map. Proof. As Sπ λ " π λ S 0 , we have pSb´bSqπ λ " Sπ λ b´bπ λ S 0 " π λ pS 0 b´bS 0 q. As (11.7) implies that ranpS 0 b´bS 0 q Ă ranp1´τ q, we deduce that pSb´bSqπ λ " 0. This shows that Sb " bS on C λ ‚ , i.e., S : C λ ‚ Ñ C ‚´2 is a chain map. In particular, the pair pC λ , Sq is an S-module. By using the equality s
Combining this with (11.5) 
It then follows that Ss π This shows that ν T,66 S " u´2ν T,66 on C λ ‚ , and so ν T,6 is an S-map. The proof is complete.
When C is a precyclic k-module the chain maps s ν 66 and ν T,66 both agree with the chain map
‚ given by (9.20) . Therefore, in this case we obtain the statement.
Corollary 11.3 (compare [34] ). Suppose that C is a precyclic k-module with k Ą C.
‚ is an S-map.
Remark 11.4. We recover the original version of Corollary 11.3 in [34] by replacingD by´Ď in the formula (9.6) for ϕ (whereĎ is given by (9.4)), converting ϕ into a special chain homotopyφ (cf. Remark 7.6), and then substitutingφ for ϕ in the definitions of ν 66 and S 0 . This amounts to replace S 0 by the operator, (11.13)Š 0 :"b 1 p1´τ qĎ 2 bN .
In fact, when C is precyclic it can be shown that S 0 andŠ 0 descend to the same operator on C λ ‚ (see Remark 11.7), and so in the precyclic case we recover the S-operator of [34] .
Let C " pC ‚ , d, s, tq be an H-unital para-precyclic k-module. We shall now re-interpret the operator S in terms of the maps π 6 and ν Proposition 11.5. Let C be an H-unital para-precyclic k-module with k Ą Q.
(1) For all x P C ‚ , we have 0 pxq˘" π 6`u´1 ν 6 0 pxq˘. As s ν 6 " J s ν 66 and J and s ν 66 are both S-maps we see that s ν 6 is an S-map. When C is quasi-cyclic we have ν T,6 " Jν T,66 . As ν T,66 is an S-map we also see that ν T, 6 . When C is precyclic s ν 6 and ν T,6 both agree with ν 6 , and so ν 6 is an S-map. We have Sπ 6´π6 u´1 " Sπ 66 I´π 66 Iu´1 " pSπ 66´π66 u´2qI. Thus, by using (11.12) we get Sπ 6´π6 u´1 " bψ 66 I`ψ 66 pB`δqI " bψ 6`ψ6 pb`Bu´1q.
Likewise, we have Ss π 6´s π 6 u´1 " b s ψ 6`s ψ 6 pb`Bu´1q. The proof is complete.
Explicit formulas for S.
We shall now give a simple formula for the operator S and relate it to Connes' original periodicity operator (11.1). 
where we have used the fact thatDb 1 N "DN b " NDb. The equality bp1´τ q " p1´τ qb 1 implies that π λ bτ " π λ b. More generally, for any polynomial P pXq P krXs, we have π λ bP pτ q " P p1qπ λ b. By definitionD " m´1D m´1 pτ q on C m´1 , where D m pXq is given by (9.2). Therefore, on C m we have (11.17) π λ bDb " m´1π λ bD m´1 pτ qb " m´1D m´1 p1qπ λ b 2 " 0.
In particular, we see that π λ bDbN " 0. The relations (4.4) imply that, on C m and for j " 0, . . . , m, we have Remark 11.7. By using (11.17) and the equalitiesĎ "´D`N and p1´τ qĎ "N´1, it can be shown that, when C is precyclic, π λŠ 0 " π λ S 0 , whereŠ 0 is given by (11.13).
We are now in a position to prove the following simple formulas for the operator S.
Proposition 11.8. Let C be a para-precyclic k-module, and assume that k Ą Q. Then, for all x P C m , m ě 2, we have
In particular, we recover Connes' periodicity operator when C is a precyclic k-module .
Proof. Let x P C m , m ě 2. By using (11.4) and Lemma 11.6 we obtain Spx λ q " π λ S 0 x " π λ ξN x "´pm´1q´1π λ b 1D bN x "´pm´1q´1 " pdDdNxq λ .
This gives the first equality in (11.19) . Recall thatD " m´1D m´1 pτ q, where D m´1 pXq is given by (9.2). Thus, Spx λ q "´1 pm`1qmpm´1q pdD m´1 pτ qdN xq λ .
It is convenient to introduce the following notation. Given k-linear maps f 1 : C m Ñ C m 1 and f 2 : C m Ñ C m 1 we shall write f 1 " f 2 when f 1´f2 " p1´τ qg for some k-linear map g : C m Ñ C m 1 . In particular, this implies that π λ f 1 " π λ f 2 . Using this notation, we see that in order to prove the 2nd equality in (11.19) it is enough to show that on C m we have (11.20) dD m´1 pτ qdN "´pm`1q ÿ
It follows from (9.2) and (11.18) that on C m the operator D m´1 pτ qdN is equal to ÿ 0ďiďm´1 0ďjďm where we have used the change of index i Ñ m´i`j´1 to get the 2nd line. As
for i ě j, we further obtain
Upon interchanging the indices i and j we then get
Combining this with (11.21) and (11.22) gives (11.20) . As mentioned above this proves the 2nd equality in (11.19) . The proof is complete.
11.3. Applications to periodic cyclic homology. In Connes gave There is a well known formula expressing the periodicity operator S in terms of the pb, Bq-operators in cyclic cohomology due to Connes [9, Lemma II.34] . As an application of Proposition 11.5 we shall obtain a dual version of Connes' formula for arbitrary H-unital para-precyclic k-modules. Let C " pC ‚ , d, s, tq be an H-unital para-precyclic k-module. We have
Bp1´τ q " p1´τ qs 1 N p1´τ q " p1´τ qsp1´T q " p1´T qp1´τ qs 1 .
Therefore, the operator B maps ranp1´τ q to R T ‚ , and so it descends to a unique k-linear map,
Thus, given any x P C ‚ , we have Bpx λ q " Bx " Bs x (where, as above, s denotes the class in C T,‚ ). We then have the following dual version of Connes' formula.
Proposition 11.9. Suppose that k Ą Q. Let x P C ‚ be such that bx P ranp1´τ q. Then, in C T,‚ we have B˝Spx λ q "´bs x mod ran " bp1´τ q ‰ .
Proof. Let x P C ‚ be such that bx P ranp1´τ q. Thanks to (11.15) we have ‰ " π T r1´p1´τ qs 1D bsN p1´τ qy ( " r1´p1´τ qs 1D bsπ T " p1´T qŷ ‰ " 0.
Combining this with (11.23) gives B˝Spx λ q "´bs x mod ran bp1´τ q. The proof is complete.
Our main example of a para-S-module is the dual of a para-S-module. Given any left kmodule E we denote by E : the dual right k-module Hom k pE , kq. By duality any k-linear map f : E 1 Ñ E 2 gives rise to a k-linear map f : : E : 2 Ñ E : 1 such that f : pφq " φ˝f @φ P E : 2 . Any para-S-module C " pC ‚ , d, S, T q then gives rise to a dual para-S-comodule pC ‚ , d, S, T q, where C m " C : m and we denote by pd, S, T q the dual maps pd : , S : , T : q. Any chain map (resp., S-map) between para-S-modules gives rise to a cochain map (resp., cochain S-map) between the corresponding dual para-S-comodules. Moreover, any chain homotopy equivalence (resp., Shomotopy equivalence) of para-S-modules gives rise to a cochain homotopy equivalence (resp., cochain S-homotopy equivalence) of the dual para-S-comodules.
Let pC ‚ , d, S, T q be a para-S-comodule. The operator S : C ‚ Ñ C ‚`2 gives rise to directed systems of right k-modules tC 2q`m u qě0 , m ě 0, which are compatible with the operators d and T . For each m, let C We have a natural identification C m` 2 7 This map was shown by Connes [8, 9] (at least when k " C and C is the cyclic space of a unital C-algebra).
We shall now use Proposition 11.10 and Proposition 12.1 to reinterpret Connes' isomorphism theorem and exhibit an explicit inverse of s ι 7 for H-unital precyclic modules. Let C " pC, d, s, tq be an H-unital precyclic k-module with k Ą Q. It follows from Proposition 11.5 that the cochain map s 
